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ARTICLE INFO ABSTRACT

Keywords: Heat conduction in micro/nano-scale materials are well modeled by Boltzmann transport equation (BTE) and
Boltzmann transport equation the Monte Carlo (MC) method is an effective computational tool for solving BTE. In conventional insulators and
Electron-phonon interaction semiconductors, phonons are the majority heat carriers and contribution of electron-phonon interaction (EPI)

Electron—-phonon Monte Carlo
Polar optical potential
Deformation potential

is negligible. However, in polar semiconductors electron-phonon interaction and its contribution to thermal
conductivity are significantly high. In this paper, we develop a novel MC scheme which combines phonon and
electron transport effectively to address electron-phonon interaction (EPI). The method is applied in a case
study, simulating the thermal transport in wurtzite Gallium Nitride (GaN), considering the EPI impact into
account. Deformation potential as well as polar optical potential (POP) are used to characterize EPI. Individual
scattering rates of electrons are first determined. Using them the net scattering rate and relaxation times are
calculated. Both lattice temperature and the electron temperature profiles in the computational domain are
estimated and compared. The final inference is that the lattice thermal conductivity of wurtzite GaN at room
temperature is found to be reduced by 16%-22%, on incorporating EPI, for samples of varying thicknesses.

1. Introduction electrical transport properties, including electrical resistance and super-
conductivity. However, its significance in thermal transport started to

Electrons and phonons are the major carriers of thermal energy be appreciated only recently [6].
in solids [1]. While electrons have a dominant contribution to the Initially, the efforts were merely focused on the influence of EPI on

the properties of electrons in metals and semiconductors, including the
explanations for the temperature dependence of electrical conductiv-
ity and electronic thermal conductivity. And, very less attention was
given to the lattice thermal conductivity, or the thermal conductivity
governed by phonons, since in metals, it is generally believed that
phonon contribution to thermal conductivity is negligible compared
to the electronic counterpart. Since thermal conduction is dominated
by phonons in semiconductors, the impact of EPI on phonon transport
receives less attention due to relatively low carrier concentrations,
which limits the scattering of phonons by electrons much less important
than the phonon-phonon scattering. The first study on this regard was
done by Sommerfeld and Bethe [7], they calculated the relaxation time
of phonons incorporating EPI in metals. Based on that, Makinson [8]
proposed an expression for the lattice thermal conductivity of metals
as a function of temperature, where he concluded that the electrons
interact equally with longitudinal and transverse phonons, different
from Bloch’s coupling scheme [9] that restricts the electrons only
interact with longitudinal phonon modes.

It was only recently the development of first-principles calculations
for phonon-phonon [10,11] and electron—phonon interactions [12]

thermal conductivity in metals, phonons play a significant role in
semiconductors and insulators. Over the past few decades, rapid ad-
vancements in first-principles simulation and thermal metrology have
caused to an elaborate understanding of the thermal transport proper-
ties of electrons and phonons. On the computational side, simulation
methods based on density functional theory (DFT), density functional
perturbation theory (DFPT), and phonon Boltzmann transport equation
(BTE) are frequently used to compute the thermal conductivities of
crystalline materials which are limited by phonon-phonon, phonon—
impurity, and phonon-boundary scatterings [2]. Recent studies by Feng
and Ruan [3] have improved the phonon—phonon scattering calculation
by including the higher-order four-phonon scattering processes. These
calculations have a good agreement with experimental results and can
resolve individual phonon modes’ contribution to thermal transport.
On the experimental side, recent developments of the phonon mean-
free-path spectroscopy [4,5] have given rise to detailed information
of thermal transport contribution from phonons with different mean
free paths. Among all the scattering processes of phonons, the electron—
phonon interaction (EPI) has been thoroughly studied for its impact on
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Nomenclature

B Phonon-Impurity scattering probability
€ Permittivity of free space

h Planck constant

K Effective thermal conductivity

® Phonon frequency

T Relaxation time

By, 3-Phonon relaxation parameter

B; Impurity relaxation parameter

D Phonon density of states

Dy Coupling constant

E(k) Electron energy

e electron charge

E, Conduction band energy

F(r) Electric field

f Fermi distribution

fo Equilibrium Fermi distribution

F, Cumulative electron number density
F, Cumulative phonon number density
g(E) Electron density of states

H' Perturbation Hamiltonian

k Electron momentum vector

Ky Static dielectric constant

K, High frequency dielectric constant
kg Boltzmann constant

Lp Debye length

I, Electron mean free path

M Matrix element

m* Electron effective mass

n Phonon distribution

npe Net electron density

np, Net phonon density

N, Impurity density

N; Number of Phonons per unit volume
P Probability

q Phonon momentum vector

r Random number

S Electron scattering probability

T Temperature

t Electron-Phonon density ratio

T, Electron temperature

u Lattice displacement

|4 Lattice volume

vy Electron drift velocity

Vg Phonon group velocity

v Sound velocity

Uy Electron thermal velocity

Zy Acoustic deformation potential

Zy Optical deformation potential

that the effect of EPI on phonon transport is thoroughly evaluated
in a variety of materials, demonstrating the thermal conductivity in
solids can be strongly modified by the scattering of phonons by a
high concentration of electrons [6], and the change of the phonon
frequencies (“re-normalization”) caused by EPI. The effect of EPI on
phonon transport has been analyzed in several heavily doped materials
through studies of their dependence of lattice thermal conductivity on
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carrier concentration. Moreover, recent studies on the thermal con-
ductivity of metals have shown that in certain transition metals, the
lattice thermal conductivity is found to be non-negligible compared
with the electronic thermal conductivity [13]. Ankit Jain et al. [14]
presents Density functional theory and lattice dynamics calculations to
predict Mode-dependent phonon and electron transport properties in
Al, Ag, and Au. They predicted thermal conductivities, electrical con-
ductivities, electron—phonon coupling coefficients and electron-phonon
mass enhancement parameters are in agreement with experimental
measurements. At a temperature of 100 K, the phonon contribution
to the total thermal conductivity of Al is 5% in bulk and increases to
15% for a 50 nm thick film. At 300 K, phonon contribution to thermal
conductivity in Al, Ag and Au were estimated to be 2.4%, 1% and
0.71% respectively.

This work builds upon the previous studies on MC phonon trans-
port as well as MC electron transport [15-27]. In 1988, in order to
interpret the results from thermal conductivity experiments at low
temperatures, Klitsner et al. developed the first phonon Monte Carlo,
without considering internal scattering mechanisms that were unimpor-
tant due to the long phonon mean free path at low temperature [28].
In 1994, Peterson [29] formulated a Monte Carlo simulation that
included phonon—phonon scattering using the relaxation-time approxi-
mation. Since that time, a number of notable advancements have been
made, including dispersion relation incorporation [23-30] frequency-
dependent relaxation times, scattering sub-step energy conservation,
periodic boundary conditions, and variance-reduced formulations.

In this work, as a case study, the lattice thermal conductivity of
GaN is calculated using a step by step electron—-phonon MC algorithm,
taking all types of scattering scenarios into account. The electron MC
runs side by side with the phonon tracing MC [15] resulting the
electron—phonon MC. The MC simulation solves the BTE in a statistical
methodology and has been widely used to simulate radiative transfer,
electron and hole transport in semiconductors [16-20]. A large number
of articles which use MC technique for phonon transport have been
published in the past few decades [21-25]. However, implementing
MC technique for studying EPI and its impacts on the lattice thermal
conductivity, are not really addressed so far, which is the main scope
of this work. Gallium Nitride (GaN) is a polar semiconductor with wide
band gap (E,=3.39 eV) and high mechanical stability. It has made path
breaking advancements in many areas such as light emitting diodes
(LEDs), opto-electronics and high frequency electronics [31,32]. Heat
dissipation and management are still challenging issues in GaN based
devices. Thermal conductivity is the ability of a material to conduct
heat and majority of the semiconductors effectively describe it by
means of intrinsic phonon-phonon interactions and extrinsic scattering
due to ionic impurities or isotopes [33,34]. Previously, Lindsay and co-
workers [35] studied the contribution of PPI and isotopic scattering
to lattice thermal conductivity in GaN, and inferred a large isotope
effect of 60%—65%. In a recent work, Dao-Sheng et al. [36] investigated
thermal transport properties of GaN considering the effects from biaxial
strain and electron-phonon coupling (EPC) using the first principles
calculation and phonon Boltzmann transport equation. Upon incorpo-
rating EPC, they reported a reduction in the thermal conductivity of
26.8%, 4.6% and 23.5% for free state, +5% strain state and —5% strain
state respectively. Another work by Jia-Yue Yang et al. studied the
Frohlich EPI contribution to the thermal conductivity of GaN. They
found that the lattice thermal conductivity of GaN is reduced by 24%-—
34% [37] after incorporating EPI. A lot more past works on thermal
conductivity of GaN can be found in the Table 1. Our main objective
is to present an algorithm for studying phonon transport side by side
with electron transport which is then applied on GaN to understand
the heat transport mechanisms beyond the intrinsic phonon—-phonon
interactions (PPI).
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Table 1

A list of past studies on thermal conductivity of GaN.
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Author Year Method Reported thermal conductivity
Jia-Yue Yang et al. [37] 2016 First principle (DFT) 250-200 W/mK; 250-315 K
Dao-sheng Tanget al. [36] 2020 First principle (DFT) 188 W/mK; 300 K
Guangzhao Qing et al. [38] 2017 First principle (DFT) 180-70 W/mK; 150-500 K
Masaru Kmano et al. [39] 2002  Photo-thermal divergence = 170-140 W/mK; 200-400 K
V. M. Asnin et al. [40] 1999 STM 170-140 W/mK; 200-400
Elbara Ziad et al. [41] 2015 FDTR 150-75 W/mK; 300-600 K
C. Mion et al. [42] 2017 3-Omega 134-139 W/mK; 300 K
Tahakiro Kawamura et al. [43] 2005 Molecular Dynamics 310-75 W/mK; 300-1200 K
X. W. Zhou et al. [44] 2012 Molecular Dynamics 185-74 W/mK; 300-800 K
Qiye Zheng et al. [45] 2019 Thermo reflectance 380-40 W/mK; 150-850 K
C. Luo et al. [46] 2001 3-Omega 500-150 W/mK; 50-400 K

2. Electron-phonon Monte Carlo method

In an MC simulation technique, point particles (such as electrons,
phonons, holes etc.) are drawn, distributed in the computational do-
main and let evolve in time. Individual trajectories of the particles are
tracked by imposing various scattering mechanisms.

2.1. Phonon Monte Carlo

It is widely accepted to use BTE for describing particle transport,
which in the absence of an external force takes the form [47],

Mo, =2 &)
ot Ot | car

where v, is the group velocity, n is the distribution function and
right-hand side represents the rate of change of n due to scatter-
ing. Phonon tracing MC algorithm [15] is used in this work where
phonon BTE is solved under the relaxation time approximation, thereby
computational particles describe only deviation from the equilibrium
distribution. Phonon tracing MC cuts down the computational time
significantly in comparison with phonon ensemble MC [26]. First MC is
run without gray media approximation, considering phonon dispersion
relations into account, to calculate the average values of mean free
path, frequency, relation time, group velocity etc. of individual phonon
bundles. Second, MC under gray media approximation, is run along
with electron MC to study the EPI and other scattering processes and
their impacts on thermal transport. In this study, phonon dispersion
relations are obtained from "Brillouin zone boundary condition"(BZBC)
model proposed by Chung et al. [48]. The relaxation time formulations
by Holland [49] are also used.

Energy of each phonon bundle is directly related to the frequency
by, E(w) « hw. Hence initializing the frequency would, by default,
sets the energy too. As a first step, the maximum (cut off) frequencies
for LA and TA branches are determined as @; 4,4 and @40 The
frequency space between zero and maximum is discretized into N,
intervals (N, = 40 for this study). The number of phonons per unit
volume in the i, spectral interval is given by [23],

2

N; = Y n(@;, p)D(@;, p) A o, @
p=1

where n is the Bose-Einstein function,

1
eksT — 1
D(w, p) is the phonon density of states. The net phonon number density

np, is derived as,

Ny 2
nop= Y, D@, pD@,p) Ao, “

i=1 p=1
In order to assign the frequency, a normalized cumulative number
density function is constructed as [23],
i
P 21 Ni

Ny :
k=1 Ny

(5)

A random number r is drawn. If F,_; < r < F;, then the phonon be-
longs to ith interval. Phonon polarization is assigned using the scheme
provided in Ref. [24].

Role of optical phonons in the heat transport is negligible as their
group velocities are very low compared to LA and TA modes. However,
they play a very active and dominant role in interacting with electrons
thereby causing an indirect impact on the temperature distribution and
the thermal conductivity. And we know that LO phonons in wurtzite
GaN eventually decay into a large wave vector TO and LA/TA phonon
branches [50,51]ie. LO— TO+LA or LO— TO+TA, the resulting
LA/TA phonons are then tracked successfully. Typical lifetime of LO
phonons in GaN is about 3-4 ps at room temperature [50].

2.1.1. Scattering relaxation times

For the lattice part, only 3-Phonon scattering, Umklaap (U) scat-
tering and Impurity scattering are addressed. Four phonon scattering
is negligible for lower temperatures. Hence, it is assumed that role of
four phonon scattering in the thermal transport in GaN is negligible.
The phonon scattering by impurities is characterized by the relaxation
time [24]
_r =B ,a)4, (6)
71(@, p)
where B, is the impurity relaxation parameter and is sensitive to the
dispersion model and the group velocities. And for the three phonon
scattering, the Umklaap (U) process and normal (N) process are the
two modes of intrinsic phonon scattering [24]. Useful expressions given
straight forward as,
For N process,

By, (p)?T?, for LA
1 B w’T*, for TA and w < @
31 (P) % )

R —.

75 (@, p)

0, for TA and w > w1
2

For U process,

By, (p)*T?, for LA

L _)By,(pa? sinh(22), for TA and o > w1 ®)
7y (@, p) kyT 2

0, for TAand w < w)
2

By, B, are determined by standard fitting procedure [24]. Using the
above equation effective relaxation time 7, is written as,

r_1r, 1.t ©)
T, T Ty Iy

Deciding which scattering to be undergone is achieved as follows. First,
the probability of impurity scattering (f) is calculated using [24],

-1

pf=—2> (10)

-1 -1
7 + T3ph
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Then a random number r is drawn and compared with g. If r < B,
impurity scattering, otherwise three phonon scattering occurs. Impurity
scattering is accounted by assigning a new random direction to the
incident phonon, assuming isotropic impurity distribution. Else, for
three phonon scattering, the phonon is absorbed and track of its path
is stopped.

2.2. Electron Monte Carlo

It is a semi-classical MC approach of simulating semiconductor
transport [52]. Assuming the carrier motion consists of free flights
interrupted by various scattering mechanisms, a computer may be
used to simulate the trajectories of particles (electrons) as they move
across the device under the influence of an external electric field, using
classical mechanics. The scattering events and the duration of particle
flight is determined using random numbers. The method is equivalent
to solving BTE for electrons.

2.2.1. Theoretical background
BTE for electrons takes the form

eF(r)ka [Z{] an
cDII

Uyl VkE(k)V f+

where f is the electron distribution, E is the energy, e is the electron
charge, F(r) is the external field. In this work, F(r) is taken to be zero.
However, a noticeable thermal electro motive force (TEMF) always
exists between the hot and cold ends of the sample. The effect of
TEMF in modifying the energy of electrons in GaN is estimated to be
negligible. Therefore, BTE takes the form,

af |1 _[or
P gvkE(k)Vrf = [at : 12)

coll

Under relaxation time approximation BTE further modifies into,

ffo

Te

U1 VkEUc)V f= 13)

where f;, is the equilibrium distribution and z, is the effective relax-
ation time for electrons.

Electronic band structure. Parabolic energy bands are assumed for this
work. In case of GaN, E(k) is given by,

[k 2k
E( =7 [—’* + =, 14
m[ mt

where my

respectively (for GaN my =

and m; are longitudinal and transverse effective masses
0.2my, m, = 0.2m)

Scattering mechanisms. A computationally efficient approach to include
scattering in MC is to store and use individual scattering rates obtained
using Born approximation. Fermi golden rule gives, to the first order,
the transition probability per unit time for a scattering from a state |k)
to a state |k’) as [52],

Sk, k") = —|<k|H’|k’)| S(E — E), (15)

where H' is the perturbation Hamiltonian, E and E’ are the initial and
final energies. 6 is the Dirac Delta function, ensuring the conservation of
energy. (k|H' |k') are the matrix elements. The scattering rate summed
over all &’ yields the probability per unit time to scatter from a state k
to any other states in the reciprocal space. And it takes the form,

Ak =Y S(k, k). (16)
k!
In order to get a complete understanding over the scattering processes,

one has to consider all such scattering rates 1;, 4,, 4s, ..., 4,, then, the
total scattering rate is given by,

n
Aot = X Ay a7
i=1
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The probabilistic direction of scattered particle in three dimensions is
given by,

P(0, $)d0dp = Smiﬂ P(©) = ﬂ : P(¢)=1/2x. (18)
The two spherical angles can then be chosen, by generating two random
numbers 0 < ry,r, < 1 such that

1 —cosf
ry = %; r = <—;0q ) (19)

Electron—phonon scattering. Electron-phonon scattering is, in fact, a
mechanism of energy loss. The mobility of carriers in semiconductors
is also influenced by electron—phonon scattering, at least around room
temperature. Electron-phonon scattering is a major form of inelastic
scattering.

Phonons may be emitted or absorbed by electrons, thereby, chang-
ing the phonon wave function and energy as well as the electron wave
function and energy. Fig. (1.a) shows a Feynman-diagram of electron—
phonon scattering. We can treat the phonon scattering in a usual way
using Eq. (15) with certain multiplying factors. These factors arise from
the wave function. It is evident that a phonon can be absorbed only if at
least one phonon is present. Therefore, the result for phonon absorption
as obtained by Eq. (15) has to be multiplied by the average number
of phonons that are present in the mode ‘¢’ analogous to impurity
scattering being multiplied by the impurity density. The appropriate
multiplier [52] is the phonon occupation number N,:

1
Ny = exp(ho, [k, T) -1 20
In Eq. (20)hw, is the energy, strongly dependent on ¢ for acoustic
phonons and approximately independent for optical phonons. The mul-
tiplication factor for phonon emission rate is (N, + 1). The emission
therefore, is composed of two factors. One independent of phonon
occupation number and is termed as spontaneous emission (just as in
the case of light). The other is called stimulated emission proportional
to N, because more phonons are emitted if more “stimulating” phonons
are present. An important approximation to Eq. (20) for the limit
hw, < kgT, true for acoustic phonons, whose energy is lower enough,
is imposed. It is called equipartition approximation which takes the
form
1 kgT
qu—1_&_1=ff_w' (21)
kgT

Phonons distort the crystal lattice and can create essentially three
types of potential energy changes: the deformation potential, the piezo-
electric potential, and the polar optical potential. Among them, the
piezoelectric potential is significant only at low temperatures, hence
not considered in this work, which, presumably takes place at room
temperature. The other two, i.e. Polar optical potential (POP) and
deformation potential are the key points of interest in this work.

If the lattice is displaced by u, the energy of the conduction or
valance band is changed by [52]

- ) (22)

d
E (a+ d—Za); AE, = ( ,

The second expression is obtained using Taylor’s expansion. Note that
we have implicitly assumed that the lattice displacement u has the
same effect as expanding or compressing the whole crystal. This means
that this concept will actually work if the phonon wave length spans
many lattice constants. In three dimensions the change AE, is pro-
portional to the volume change which is given in terms of the lattice
displacement u is given by [52],

AV

dE, . du

AE. = E.(a) -

=N .u@r), (23)

wh1ch is basic to Bardeen’s deformation potential theory. Hence,

AE, = V(Zl:} Yu(r), 24)
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Fig. 1. (a) Schematic of electron-phonon scattering. g, k, (k + q) = k' are the phonon, incident electron and scattered electron wave vectors respectively. (b) A
phonon displaces the two sub-lattices of, for example, GaN, against each other. All negative atoms are displaced towards (or away from) the positive atoms.

where, V.ddEc is to be denoted by Z,, called the acoustic deformation

potential. And the perturbing Hamiltonian takes the form,

H,=/E,=Z,Nu(r). (25)

In general, Z, has to be replaced by a matrix to account for the
anisotropy of crystals and can even depend on the wave-vector.

A typical value for the deformation potential is Z, ~ 8 eV for
semiconductor conduction bands and a some-what smaller value for
valence bands. We have u(r) of the form [52],

u(r) = ue'®; k- k' = q, (26)

where a is the lattice constant. And the matrix element takes the
form [52],

Mk,k’ = Z Vqﬁk'—k,q' (27)
q
Using Egs. (26) and (27) we have,
L1\
Mk.k’ = iZAiq.u(Skr_k,qu(Nq + 5 + 5) . (28)

Here we have chosen a plus sign for the g vector in the case of phonon
absorption and a minus sign for emission. Notice that transverse waves
(wave vector ¢ perpendicular to displacement u) have a vanishing
matrix element (the dot product is zero) and therefore do not scatter
the electrons. Inserting the value of u in the above equation, the matrix
element is rewritten as [52],

72 ho 1 1
ktqlH ) =22 (N, +-+2). 29
ke gl 10 = S (Mot 55 (29)
Here V is the volume of the crystal, v, the velocity of sound, p the mass
density. The minus sign refers to phonon absorption and the plus sign
to phonon emission. The calculation the total phonon scattering rate
for LA from the matrix elements requires more algebra and is given by,

Apa= (30)

Zz m*m*zk T
\/ b
V2 Za\mmy 5

4,2
phtvs

Similarly for optical phonon deformation potential interaction, the
matrix element is derived as [52],

Z’ho 1 1
k+qH k) )P = 22N, +=+=), 31
e alHy ) = S5 (No+ 5 4 3 &)

where Z,, is the optical deformation potential. Total scattering rate of
optical deformation potential (OPD) is relatively easy to calculate,

1 =

opd
Ttot

From Egs. (15), (31) and (32) we get,

Z Sk, k). (32)
k!

2
| nZ ho,N, ,
107 o 2 S(E(k) — E(K') + hw). (33)
tot s K

The summation over k' in Eq. (33) is converted into integration while
taking care of the fact that electron spin does not change under the
interaction.

Vg(E + ho,)

Y S(E(k)— E(K') + ho) = % / 8(E — E' + hw)g(E')dE' = >
k!

(34

where g is the density of states given by, for example,

s\ B/2)
gy = =48 _ 1 (2’”) VE-E,. (35)

T3 dE 22\ m2
Now a coupling constant D is introduced as,

2 2
Zy@y,

D? = (36)

02
s

The total scattering rate for optical deformation potential scattering
becomes, then [52],

Dz m*m*Z
1 1M
i = 7= |NgVE +hog+ (N + DVE = hao, . 37)
Tio \/571:?13,0(00

In order to calculate adsorption and emission probabilities, we define

Ao = ﬁ It is crucial to break Eq. (37) into two parts: absorption rate

10,
and emission rate,

D2 m*m*Z
17t

Ao =——"
\/571'713,0600

[Nq E+ hwo] . (38)

D2 m*m;kZ
dopo= —— 1 [(Nq +)VE = hwo]. (39)

V2zh3po,
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Now probabilities of an electron to undergo absorption and emission
are given by,

A
P, = __ fal0 (40)
(Aaro + Aero)
and
A
p=— Tel0 (41)

(Aaro + Aer0)’
respectively. It is noted that P, + P, = 1. A random number r is drawn
from [0 1]. If r < P,, absorption otherwise emission occurs.

Polar optical phonon (POP) scattering. Electrons can also be scattered
by polar optical phonons. This mechanism is dominant in GaN and it
is also called polaron scattering. The polar scattering arises from the
polarities of the two different atoms in the compound, as illustrated
in Fig. (1.b). The total POP scattering rate derived using Fermi-Golden
rule is given, straight forward by [53],

ezwo(ﬁ - 1)
Apop = ——2 L [Nq sinh™! ,/hi + (N, + 1)sinh~! hE -1,
2 Kpeghy /25 @o @o

(42)

where K| is the static dielectric constant, K is the high frequency
dielectric constant, ¢, is the permittivity of free space, N, is the Bose-
Einstein function, 7 is the plank’s constant, E is the electron energy.
Absorption and emission rates are obtained separately as,

2w (K——l

hapop = Ko [N sinh™! /= (43)
27Kyeph @o
e, ( 11:_0 - E
hopop = ® [(Nq + 1)sinh™! — -1, (44)
2rKyeghy /2L @o
m
respectively.
Probabilities of emission and absorption are given by,
A
p = TaPOP (45)
(Aapop + 4ePOP)
A
P, = ePOP ) (46)

(Aapop + Aepop)

ITonic impurity (IM) scattering. This type of collision is elastic in nature.
For an ionized impurity, the scattering source can be characterized by
screened Coulomb potential. Typically the ionic impurity density varies
between 10'5 — 10'7 (cm~3). Time dependent perturbation analysis
yields the net scattering rate to be [53],

N 4 2
= —— |+ - L |E 47)
16/ 2m*nK2e? L+y
where N; is the impurity density.
8m*EL?
Y= (48)
where L is the Debye length, given by,
Kyeok, T
Ly = ~20 (49)
e’n,

where n, is the electron number density, L = A;. The effective
relaxation time can be calculated using the Mathlssen s rule as,

l = L + 1 + L + L (50)
Te Ter  TPOP TLO TLA

Mean free path of electrons is calculated using,

o= vy, (51)
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where v,;, is the average thermal speed of electrons which is of the order
10° (m/s). Based on the relaxation time approximation, the traveling
distance of electrons can be obtained by

Al, =1,1n(r), (52)

where r is a random number.

Electron-LA, electron-LO and electron-POP characterize how effec-
tively the thermal conductivity is influenced by the electrons in GaN.
Fig. 2 shows all the four kinds of scattering as a function of electron
energy. Among all, POP is found to be the most significant player as
seen in Fig. 2. Overwhelming dominance of POP over other EPIs not
only reveals the fact that, in what manner the thermal transport is
influenced by electrons but also reconfirms the very known polar nature
of GaN. Another factor which plays an important role in deciding the
impact of EPI is the free electron density. Larger the free electron
density stronger the effect of EPI on thermal conductivity. Having said
that, Intrinsic GaN has a little free electron concentrations, yet it is
found to have a considerable effect on the thermal transport due to
its strong polar nature.

2.2.2. Assigning electron properties

It is useful to think of energy band as a collection of discrete energy
states. In quantum mechanical terms, each state represents a unique
spin (up or down) and a solution to Schrédinger wave equation for
periodic potential function. In the conduction band, we get the electron
density of states in the final form,

8xm+\/2m(E — E,)

g(E) = —m (53)
where E, is the conduction band edge energy.

The probability of state with energy E being occupied by an electron
is given by Fermi function

1
f(E)= @ 54
1+e k8T
where E, is the Fermi energy. For GaN, intrinsic £, = E,/2. For
extrinsic GaN doped with Si or Ge, E, moves up towards E,.
The product f(E)g(E)dE gives the number of electrons per unit
volume between E and E + dE. Hence, the number of electrons per

unit volume in the entire conduction band is given by,

De = / f(E)g(E)E. (55)
Ec

The energy space between E, and maximum energy is discretized
into N, intervals. The number of electrons in the ith interval is given
by,

n; = f,(E)g,(E)AE (56)

In order to determine the energy of an electron, a normalized cumula-
tive number density function is first constructed,
n
Fy = vab' - 57)
k=1"
A random number r is drawn. If F,,_; <r < F,
to ith energy interval.

;> the electron is assigned

3. Numerical scheme

Boundary scattering mechanisms play an important role in thermal
transport. The main boundary conditions of the sample are isothermal
at the front and rear ends and adiabatic at the lateral boundaries as
we can see in Fig. 3. Isothermal boundaries act like black walls of
phonon radiation and they emit or absorb phonons while the adiabatic
boundaries simply reflect them. This reflection can be of two types:
diffusive or specular. A diffusive parameter d is defined which takes
values between 0 and 1. A random number r is drawn and compared
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Fig. 2. (a) Electron-impurity (IM)(for impurity density, N, = 10" ecm=3), LA, and LO Scattering are plotted against electron energy. As seen, impurity scattering is dominant
for electrons of extremely low energies. (b) Total electron-LO scattering, LO absorption alone and LO emission alone are plotted. Emission is found to be much dominant over
absorption for most energy ranges except for low energies. (c) Electron-POP scattering is plotted against electron energy along with its absorption and emission parts. Emission is
found be dominating over absorption except for low energies. (d) All POP, LA, LO and IM are plotted together for easy comparison and POP is found to be strongest among all

except for low energies.

Fig. 3. Ty and T, are high and low temperatures at two isothermal, front and rear boundaries respectively. Lateral boundaries are shown to be adiabatic.

with d. If r > d, the reflection is specular otherwise diffusive. Electron
reflections at the boundaries are always taken to be specular. The
parameters of GaN used in the computation are acoustic deformation
potential Z,=8.3 eV, optical deformation potential Z,=4.5 eV, LO
phonon frequency w,=20 THz [37,54,55].

A detailed flowchart of phonon-electron MC is shown in Fig. 4
which describes the entire process as follows,

1. First, Np the total number of phonon bundles, np the phonon
count and ne the electron count are set. Now np is incremented
as the first phonon bundle leaves the left boundary. For each
phonon bundle, a random position and direction are assigned.
A phonon bundle moves interrupted by various scattering pro-
cesses and ends its trip by getting absorbed by either front or rear

boundaries. And entire computational domain is discretized into
Ny, parallel bins (N;, = 40 for this work), energy is recorded
at the bins as the phonon bundles travel by.

. Once a phonon bundle is absorbed successfully by the bound-

aries, a factor 1 = B¢

™ is introduced, where nj, is the electron
density and np, is the phonon density provided by Egs. (4) and
(55). Electron emission is decided probabilistically i.e. a random
number r is compared with 7 to decide whether to emit electron
for each and every phonon emission. Once the electron bundle
is emitted, its count, ne is incremented by one. For each electron
bundle, a random position and direction are assigned just as in
the case of phonon.

. Electron scattering is chosen probabilistically among LA, LO, IM

and POP. In case of LA scattering, LA phonon count is updated in
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Fig. 4. A flow chart illustrating electron-phonon MC scheme.

the corresponding spacial bin. POP and LO counts are updated
by subtracting or adding phonons, depending on whether ab-
sorption or emission takes place. In case of emission, the emitted
phonon is tracked until it gets absorbed by either of the bound-
aries and the control is then returned back to the electron that
had emitted the phonon and continue its tracking. Energy of the
electron is then reduced by that of the emitted phonon and same
is added to the corresponding spacial bin, thereby accounting for
the energy conservation. If the emitted phonon is of LO branch
whose group velocity is marginal, control waits for it to decay
into LA/TA phonons whose group velocities are high enough and
thus successfully tracked. In case of absorption, electron energy
is incremented by that of absorbed phonon and corresponding
phonon energy is deducted from the corresponding spacial bin
where the absorption had taken placed . The electron alone is
then tracked.

4. Once the electron energy becomes weak after continuous inter-
action (predominantly phonon emission) with phonons, it will
be absorbed by the boundaries and the control returns back
to step 1. And the entire process repeats again by emitting
the next phonon bundle. The lattice temperature profile of the
computational domain is first obtained and is used to calcu-
late the temperature gradient and finally the effective thermal
conductivity («x) using the Fourier’s relation,

_ T
¢—de, (58)

where ¢ is the heat flux. Electron as well as phonon bundle
populations at three different spatial bins(x=25 nm, x=250 nm
and x=500 nm) can be seen in Fig. 5. Both electron and phonon
populations are found to be increasing linearly with respect to
the number of iterations.

4. Results and discussion

The temperature distribution inside the material is an important
aspect which plays a key role in thermal conductivity calculation, yet
most of experimental techniques are unable to determine it directly.
MC method, however, gives an elaborate picture of how temperature
is distributed inside nanostructures under heat transport. Phonon tem-
perature at each spacial bin is defined using the pseudo temperature
relation [23],

gl hw; D(w;, p)Aw;
Erwpn = Zp: ; explha, [k Tyl — 17 (59)
where E; is the target energy of a spacial bin. Assuming thermo-
dynamic equilibrium at each and every spacial bins, thus calculated
pseudo temperature is close to thermodynamic temperature of the
system. Fig. (6.a) gives the temperature profile of GaN films of 500 nm
thickness, both for with EPI and without EPI scenarios. Temperature
as a function of distance is found to be linear with a negative slope,
highest at the left boundary (T ), tapering linearly towards the left
boundary (7} ). With EPI temperature is found to be little elevated with
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Fig. 5. (a) Electron bundle population versus number of iterations for x = 25 nm, 250 nm and 500 nm. The real electron population can be obtained by multiplying electron bundle
population with certain weighting factor w, used to cut down the computational expenses (b) Phonon bundle population versus number of iterations for x =25 nm, 250 nm and
500 nm. The real Phonon population can be obtained by multiplying Phonon bundle population with certain weighting factor w,, used to cut down the computational expenses.

Fig. 6. (a) Temperature plotted against distance, for sample length L, = 500 nm. “ph” and “ph-e” stand for without EPI and with EPI respectively. (b) Electron temperature for
left boundary electron energy, E; = 0.6 eV and 0.8 eV plotted along with phonon temperature under EPI for comparison.

respect to that without EPI. The difference is more noticeable close
to the left/high temperature boundary and becomes irrelevant as the
distance increases, towards the right/low temperature boundary. This
is because, the energetic electrons emitted from left are rapidly losing
their energy by means of EPI due to the fact that the electron mean
free path is of order 1-10 nm, much smaller than that of phonons.
Consequently, EPI influences the temperature profile, therefore affect-
ing the temperature gradient which is one of the key factors deciding
the lattice thermal conductivity. Another important parameter, which
determines the thermal conductivity, the heat flux is also affected by
electron—phonon interaction due to the number of phonons added by
the electrons as they travel through the material. Electron temperature
in the computational domain is defined using the relation in Ref. [27]:

3
2
where f, m*, < v >f, and v, refer to the electron fraction, effec-
tive mass, mean-square velocity, and drift velocity respectively with
the underlying assumption that the external applied field is zero and
thereby the drift velocity is negligibly small. Here T,; is the electron
temperature for ith bin. A plot of T, along with lattice temperature is
shown in the Fig. (6.b). As we can see, the temperature of electrons
entering the left high temperature boundary is decayed rapidly, as

1, 1,
kpT = f(5m" < v>2 -3m V), (60)

the electrons interact with phonons by significantly transferring their
energy to phonons. And it is important to note that, though the elec-
tron temperature and lattice temperature at the left boundary are far
apart, as the electrons travel through the domain, they lose energy
and thereby eventually the electron temperature approaches the lattice
temperature. Nevertheless, electron temperatures are not included in
the lattice thermal conductivity calculation. The length scale at which
the electron temperature catch up with the lattice temperature is found
to be of order equal to the average electron mean free path. We
remark that the electron temperature defined thusly is not identical
to the true or thermodynamic temperature of the electron ensemble.
For electron concentrations in the degenerate range, the temperature
as given above exceeds the true temperature of the electron ensemble
because the Pauli exclusion principle limits the number of low-energy
particles in the ensemble, consequently raising the average energy of
the ensemble. Therefore, it is better to state that the above defined
electron temperature is more likely a reflection of the average energy
of electron bundle. The electrons originating from the left boundary of
the computational domain are set to have a maximum energy, E;. An
electron temperature vs distance plot for E; =0.6 eV and E; =0.8 eV is
shown in Fig. (6.b)

Categories of EPI scattering have been studied are electron-longit-
udinal acoustic (LA), electron longitudinal optical (LO) and electron
polar optical phonon (POP) to characterize the electronic influence
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Fig. 7. (a) Thermal conductivity vs thickness plot where “ph” and “e-ph” stand for without EPI and with EPI scenarios respectively, the experimental study by Elbara Ziad
et al. [41] and a BTE model [41] also can be seen. (b) Thermal conductivity vs Temperature, present work for sample thicknesses 100 nm, 500 nm and 1000 nm, a few past

studies [39,40] and a BTE model [41] for comparison.

of heat transport in GaN. Among all, POP is found to be the domi-
nant player as seen in Fig. 2. Moreover, mostly, the phonon emission
probabilities are much stronger than their absorption counterparts
because electron energies are much higher when compared with that of
phonons. Therefore, electrons are more likely to lose energy by emitting
phonons than to gain energy by absorbing phonons. As we can see
in Fig. 2 absorption rates are higher than emission rates only when
the electron energies fall below phonon energies from then electrons
start absorbing more phonons thereby gaining energy. More and more
phonons added by electrons, due to emission processes, into the GaN
lattice eventually dissipate more heat into the bulk of the material, thus
reducing the heat conduction significantly. Consequently, the lattice
thermal conductivity of wurtzite GaN at room temperatures is found to
be reduced by 16%—-22% for samples of varying thicknesses. The sample
thickness is successfully varied from 10 nm to 1500 nm. The effect of EPI
on thermal conductivity is found to be slightly more pronounced for
smaller thicknesses. The thermal conductivity vs thickness is compared
with a BTE model used in Ref. [41] and found to be in a good agreement
with it as seen in Fig. (7.a). Thermal conductivity (K) vs thickness
is found to be in a good agreement with a work by Elbara Ziade
et al. [41] as well, within a discrepancy limit of 2%-4%. Lattice thermal
conductivity and EPI vs temperature is studied for a range 200 K to
500 K for sample lengths of 100 nm, 500 nm and 1000 nm and are
compared with a work by Kamano et al. [39], Asnin et al. [40] and a
BTE model used in Ref. [41]. Thermal conductivity vs temperature is
found to have good agreement with BTE model and other studies for
the given range of temperatures as shown in Fig. (7.b). EPI influence
on thermal conductivity is found to be more pronounced near room
temperature and weakening at high temperatures.

5. Conclusions

Heat conduction in micro/nano-scale materials are effectively de-
scribed by Boltzmann transport equation. The Monte Carlo method is an
efficient computational tool for solving BTE statistically. In summary,
we have developed a novel MC algorithm which combines phonon
and electron transport strategically to address electron-phonon interac-
tions. Both phonons and electrons are injected into the computational
domain from the hot end and the motion is tracked considering all
types of scattering which they undergo through. The process is repeated
till an ensemble of trajectories is formed. Initial phonon and electron
properties are assigned using the schemes described in Sections 2.1 and
2.2 respectively. Different scattering mechanisms of both phonons and
electrons are incorporated. Overall the present method is found to be
adept in dealing with energy transfer between electrons and phonons.

10

Electron—-phonon MC is applied in a case study, simulating the
thermal transport in wurtzite Gallium Nitride (GaN), considering EPI
impact into account. Deformation potential as well as polar optical
potential were used to characterize EPI. Both lattice temperature and
the electron temperature profiles in the computational domain were
estimated and compared. While the lattice temperature profile was
found to be linear the electron temperature depicted a strong non-
linear behavior. The electron temperature was found to be decaying
rapidly thus catching up with the lattice temperature. The length scale
at which the electron temperature catch up with the lattice temperature
was estimated to be very close to the average electron mean free
path. The lattice temperature profile was found to be modified by EPI,
degree of which is more near the left boundary and almost ceases
to exist near the right boundary. This is because, the high energy
electrons emitted from left loses the energy rapidly as they travel so
electrons with very little energy are found near the right boundary.
The number of phonons emitted by the electrons also influence the
heat flux. Both these mechanisms caused a reduction in the thermal
conductivity. The inference is that the lattice thermal conductivity of
wurtzite GaN at room temperature is found to be reduced by 16%-22%,
after incorporating EPI, for samples of varying thicknesses. Among
all EPIs the POP is found to be the most dominant player verifying
the strong polar nature of GaN. We used the novel MC to study the
thermal transport in a GaN film of thickness range of 10-1000 nm
and data showed good agreement with the BTE model and some
past studies. The investigation on thermal conductivity vs temperature
was also found to be in good agreement with a BTE model. These
results may be useful for engineering future generations of wide-band
gap semiconductor devices like GaN/AlGaN High mobility electron
transistors. Our investigation provides a deep insight into the role of
electron—phonon coupling in thermal transport in wurtzite GaN and
the understanding gained from this work is expected to stimulate future
studies of similar phenomenon in other polar semiconductors. Since the
method combines both phonon MC and electron MC together, it may be
more suitable to study heat transport properties and electron transport
properties like, drift velocity, carrier mobility etc. simultaneously.
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